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PERIODIC SOLUTIONS OF SETS OF ORDINARY DIFFERENTIAL
EQUATIONS WITH A LARGE PARAMETER*

V.V. SAZONOV

The differential equation of the forced oscillations of a mechanical system
with one degree of freedom is examined in the case when the system's
natural frequency is much greater than the external one. It is shown
that periodic solutions of such an equation exist, close to the periodic
solutions of the corresponding degenerate equation. The result obtained is
generalized to the case of systems with several degrees of freedom. A
system with cyclic coordinates acted on by external periodic forces

whose frequency is much less than the natural frequencies of the system
mentioned is examined. The existence of periodic solutions of the equations
of motion of such a system, close to the periodic solutions of the
corresponding degenerate equations, is proved.

1. Consider the scalar differential equation
&+ F(t, ) =f(, z 2) (1.1)

where p is a positive parameter, and F (¢, 2) and f (¢, z, 2) are periodic functions of t with
period T > 0. Let the equation F (¢, ) = 0 have the T-periodic solutionz = ¢ (t). We will seek
T-periodic solutions of Eq.(l.l1), defined for fairly large p and close to the solution z =
o (). We will assume that the functions F (¢,z),f (¢ 2,2), ¢ (f) are thrice continuously dif-
ferentiable for 0t < T and fairly small |z — @ ()}, |2 — ¢ (t) | and

PO =0F(t o)z >0(0<t<T)

T T

1 S $:90,9'8) gy, 1,=_;.S ph (@) dt
[

== — -4-—;
0
go==) 1 +shiab
For an arbitrary ¢ & (0,8) we consider the set
I(e) = {p:p>0, sh?ab + sin? pb > )

This set is not empty. For as 0 and 0 <e < |shab |it is identical with the interval (0, +
), ,and whena =0

Let

_ & jn(k—1)+arcsine nk—arcsine
1(8)—1'U ,' b s b -]

me}

Theorem 1. For any e & (0, &) positive numbers M, C, and C, exist such that for B> M;
pe I(e), Eq.(1.1) has a unique T-periodic solution z, (f, p) satisfying the inequalities

et —0@I< o, |2 G =90 < O<IST)

Note. 1If a% 0, the quantities M,C,; and C, can be chosen independently of e (but then
M, C,Co~++ o0 as a-—0). Having taken ¢ <C|/sh ab |, we £ind that in this case the solution
z, (¢, p) is defined for any p > M. If p()<0(0<t< T), then the existence of a T-periodic
solution of Eq.(l.l), changing to ¢{(f) as p— + oo, follows from the results in /1/. The case
when p (1) vanishes at some points of the segment [0, 7] requires a special investigation.

Equation (1.1) can be interpreted as the equation of forced oscillations of a mechanical
system with one degree of freedom. The quantity of 2a can be taken as a generalized coef-
ficient of friction of this system for the motion r= ¢(f). Resonance is possible in the system
for certain values of p. Such values are excluded from the analysis by the condition pe I (e).
If a0, this condition can be dropped by examining sufficiently large values of p. However,
if a=0, resonance can occur in the system on any segment of the p-axis, of length greater
than =a/b, sufficiently far from the origin.

For example, the oscillations around the centre of mass of a solid with a strong perm~
anent magnet in the external periodic magnetic field /2/ can be described by an equation of
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form (1.1l). For the equation studied in /2/, a=0, The results of the numerical <calcula-
tions in this paper graphically demonstrate the occurrence of resonances for certain values
of the large parameter.

2. To prove Theorem 1 we make the change of variable (¢, z) - (T, ¥) in Eq. (1.1):
¢ <
1 1
={preds  y=lz—o@ENexp(4{cids—ar)
0

0

() = [ p (0 L 099 @)

2" (1) plw oz’ ]t=wm
- where t =1 (1) is the inverse of the first integral. Such a change is a modified Liouville
substitution. In the new variables (1.l) can be written as

V' +2y + P+ ey =",y )+ wF Ly (2.1

Here the prime denctes differentiation with respect to +t; the functions f, and F, depend
periodically on t with period 2b

81(x, 0,00 _ O (t, 0)
——W———-FX(T,O)————E;—-—O (2.2)

The above change of variable reduces the search for a T-periodic solution of Eq. (l.1), close
to ¢@(t), to a search for a 2b-periodic solution of Eq.(1.l), close to the origin.
By virtue of the smoothness conditions imposed on the functions F,f and ¢, the functions
fi and F,; are continuocusly differentiable in t and thrice continuously differentiable in y
and y'. Hence it follows from (2.2) that positive numbers bh,, hy, M;, M, and M;exist such that
the bounds
thun ) —HGuu)I<KM ly—ul+ (2.3)
Myly —w [(lyl+lul+1y+1u)
[Pyt ) = Fis, w) IS My —uiliyl+ (u))
are valid for all T, ¥, ¥, u, ' satisfying the inequalities 0 T<C2, lylih, lul<h,
| |<hy | | < hy - In particular, when u = u' = 0 and M, = My + Mk, we have

hE ny) —fHG,0.0) <My |+ My? (2.4)
| Fy (v, ) 1 << Map?
3. Consider the differential equation
Y +22e + R+ a)y=hr) (3.1)
where h (1) is a continuocusly differentiable 2b-periodic function. When sh® ab+ sin’ub> 0 Eq.
(3.1) has a unique 2b-periodic solution representable as

» »
y(t)=SG(1,s)h(s)ds=-;%+SG1(T,s)h’(s)ds (3.2)
0

0
oxp [M (v —s4b) oxp [M(t —s~+b)
G(v )=~ 2(1'— Y sh A _'"IEA'E‘_T( T sh b
oxp [M (t — s+ b)] oXpP [Ay (v — s b))
G )= — P Ty hih — Dale— T
Mg = —azxip, = ~—1

Here G (v,$) is Green's function of the periodic boundary-value problem ¥y (0) =y (2b), ¥ (0) =
¥ (2b) for (3.1); in the expressions for G (r, 8) and G, (v, ) the upper sign is taken for T<X'¢
and the lower one for t>> 3. The derivative of solution (3.2) can be found by the formula

2b

y'(1)=Sﬁ’gﬁ’-h(s)ds=2§a(¢,s)h'(s) ds

The number v (f) = max |f(v) |with 0 <{t<2b is called the norm of the function f (1), continuous
on the segment [0,2b]. Since

% 2
maxS]G(t.s)]dng, maxSl—‘ﬂ%ﬁ)—‘dngVﬁ-}-p’
a

A

b X B
max \ |Gy (T ) |ds C—==== OCT20
§ Va+ e
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K= sh ab
ap. y/sh?® ab 4 sind pb
the bounds
vy) S Kv(h), vW)KKVa+uivh) (3.3)

(k) Ky (¥) , /
WS a0 YW SEY®)

hold for the norms of solution (3.2) and of its derivative, valid both when as= 0 as well
as when e = 0. 1In the latter case the values of the coefficients containing a are found
by passing to the limit as a—>0. In particular, when a = 0 we have K = b/(u |sin pbd ).

We fix an arbitrary e & (0, &) and we set N = sh ab/ge. Then, by sharpening inequalities
(3.3), for p=1I(e), n>]al, we can write

v(y) < N k), v () <2Nv(R) (3.4)
vy < phv(R)+ NvE)), v () << N () (3.5)

The resultant inequalities are meaningful for any a: if a=0, then N = bfe. However, if
as= 0, then we can take N = |a [’. In this case inequalities (3.4) and (3.5) hold for any
p> |al. In Section 4 the bounds (3.4), (3.5) are used without additional stipulations on

the method of defining N and choosing .

4, The search for 2b-periodic solutions of Eq. (2.1) reduces to solving the periodic
boundary-value problem for this equation on the segment [0, 2b], which in its turn is equi-
valent to the system of integral equations

2b

Y (T)=S g; (T, 8) [11(8, 41 (8), 2 (5)) + W2FL (5, y1 ()] ds == L; (41, ya) (4.1)
3

=12 g (1,9 =6 (z, 9), g: (1, 8) = 3G (z, 8)/o

Here y, = y,y, = J. We solve system (4.1) by the method of successive approximations. On the
segment 0 <{ 1 & 2b we construct a sequence of functions {y, *) (®)}i=o (G = 1, 2), by setting

Wm=0 B =L;e® ¥ (=12 k=01,..) (4.2)

Let us prove that when p is sufficiently large this sequence converges (in the sense of the
noxrm v (-)) to the solution of system (4.l). First we will prove that for sufficiently large
v

)< Bt <Chy v <Bpl<h, (k=0.1,..) (4.3)

where B, and B, are certain positive numbers. Since
25
Wm={eg@0n600d (=12 (4.4)
(4

relations (4.2) for k>1 can be represented as

2b
¥ (1) = y{! () +S £; (. 8) [ (s, v (5), yF) () — 11(5,0, 0) + poFy (3, ) ()1 ds (j=1,2)
[}

We assume that v (y®)<hy(=1,2k=0,1,...). Then on the strength of inequalities (2.4) and
(3.4) we have

v () < Dyt v (1) Doyt (4.5)
D, = Nv (6f, (v, 0, 0)/8t), Dy = D, 4 v (f, (%, 0, 0))

With the aid of relations (4.4) and (4.5) we obtain the bounds
vED) < v ) + n; [Mev (5F) + pMv2 (v D) + Moyt (y0)]
j=1, 2; ny=Npt n,=2N
We choose the numbers B,, B, from the conditions B, > D,, B, > D, and we set
_ ( ?1_ Bg x 2%
P>M1—mnx -hl- ) ’l‘ ’ Bl Dl rz—’lb_z
% = N (MB; + MyB,* + M,B,%)
Then if inequalities (4.3) are satisfied for some k, then by virtue of (4.5) we have
v ()  pt (D) + wp) < Bupt < by
v () ot (Dy 4 2607 Byl < by
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Since inequalities (4.3) are satisfied when &k =1, their validity follows for all k.
Let us prove that the successive approximations (4.2) converge. On the strength of in-
equalities (2.3) and (3.4) we have
v(y§k+l) _ ;k)) nJ [va (y(k) (k-l)) + K’V (v(k) (k-l))]
j= 1 2' Kl = M[ + pzMg [‘\' (y(k)) + v (y{k.l))]
Ky=Ms[v 41 + v ") + v @) + v @)
Estimating K, and K; using inequalities (4.3), we obtain

v — Y <Snpe U=1,2) (4.6)
oo =Hy (17 — i) + Hav (57 — ™)
Hy, = M, + 2M,B,, H, = 2M, (B, + By

Consider the number sequence pr(k = 1,2,...). The relation

Pra K Npt (Hy +2H)pe (B=1,2,...)

whexe Np™(H,+ 2H,)—>0as p— + oo, holds by virtue of (4.6). Therefore, a number p,>> 0
exists such that the inequality Nu™(H,; + 2H,) <!/;. holds when K> g,. Let p > M = max (p,,
. Ba)- Then pu << pr/2(k =1,2,...). Using this bound it can be proved that the sequences {y;"
(1:));‘-. (j = 1,2) converge uniformly on the segment 0 <1< 2b to some continuous funct:.ons

y* (tv). Since by the construction of these sequences M (0) =y{¥ 20)( =1,2k=0,1,...),
we have y,* (0) = y;* (2b). Analogously, by virtue of (4.3).
V(1) < Bt v (%) < Bop™t 4.7

Passing to the limit in relations (4.2) as k— oo, we find that y* (x) and n* (t) is the solution
of system (4.1), where the function j* (1) is twice continuously differentiable and dy,* (v)/dr =
y* (7).

Let us prove the uniqueness of the solution found. Assume that system (4.1) has one more
solution y® (1), y° (v) satisfying bounds (4.7). By the constructions described above, for the
quantity p = Hy (1,* — ¥»,°) + Han™v (1s® — ¥,°) we can establish the inequality p < p/2. Hence
¢ =0 and, consequently, y,’ =y;*(j=1,2).

Continuing ¥;* (t)along the whole real axis, by using the relations y,* (r & 2b) = y,* (v),
we obtain a 2b-periodic solution of Eq. (2.1). The desired solution z, (¢, p) of Eq. (1L.1)
corresponds to this solution. The validity of Theorem 1 is established by recalling the
method of choosing u, Bl, By, M and transforming the bounds (4.7) into bounds for max |z, (t n) —
@) |, max |z, (5, ) —¢ ()] for 0<t<<T.

5., Equation (l.1) was interpreted as the equation of motion of a mechanical system with
one degree of freedom. 1In the remaining part of this paper an analogous problem is solved
for a system with several degrees of freedom. Theorem 2 proved below is, toc a certain extent,
a generalization of Theorem 1.

We consider a mechanical system with ! degrees of freedom, whose equations of motion can
be written as

—;’,—%—%=—»2%‘%+05 (=1,2,...51) (5.1)
Here q,...,q; are the system's generalized coordinates, WK is a positive parameter,
O=Q g, --»qa. . oa) G=12...9 (5.2)
are generalized forces acting in the system,
Wl = il (g, . . ., @n). (5.3)

is the system's potential energy, and
!
1 . .
T = aix Q.-+ )5 + Za;(t.qh.-.,qz)q; +ao(t g ..., q) (5.4)

i, k=1 =1

is its kinetic energy. We assume that in (5.4) the matrix (a,,‘)g, r=1 does not contain t and is
positive definite, the functions (5.2) and (5.4) depend 2n-periodically on t, and 1< ng !
in (5.3) and (5.4). An example of a mechanical system described by Egs. (5.1) is a magnetized
solid moving around the centre of mass in a strong constant magnetic field and subject to the
additional action of periodic external moments.

We seek periodic solutions of Egs. (5.1), defined for fairly large w. In order to
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formulate the problem precisely, in (5.1) we will change to Routh variables 95 95y GQur Po =
oT)oge(j= 1,2,...,n;a=n-+1,...,1). These equations then take the form
d 4R aRr oIt .
—dt—a—%7—?,Ej—=p2-5'T—Qj (i=1,...,n) (5.5)
. R .
G =gp P=0C @=n+i...])
Here
1 ' n n
R= Z Pafe —T=——5 Z e’ @ gia + Z bi(t,z,9)g; + bo(t. 2, q)
[(Pewrl 7, k=1 =1
a=1(q1 -+ -+ )T == (gns1» - - *» Qt» Pnt1s - - «» p))T, and the matrix Ao (g) = (€h)] r= is positive

definite. By appropriately introducing the functions F (4, z, ¢, ¢) = R¥"™ and f (¢, z, ¢, ¢) & R",
Egs. (5.5) become

£ =F(@ z,q ¢) (5.6)

o [ .
Aﬂ(q)q +l&2—%q(i)=f(t:194. q)

The resultant system is of independent interest since the equations of motion of certain
mechanical systems reduce to the form (5.6) without the use of Routh variables. Below we
examine Egs. (5.6) without relating it to Egs. (5.5). We assume that in (5.6) x and Fe
R"(m>0),qg and fER"(n>1),ll= R, F and f are 2n-periodically dependent on t, 4y (q)
is a symmetric positive-definite matrix of order n. The functions II (¢), 4, (g), f (¢, 2, ¢, ¢) and
F(t,z, ¢, ¢) are taken to be fairly smooth functions of their arguments, i.e., have all the
derivatives needed for subsequent analysis. We assume as well that 4l (0)/d¢ = 0 and that the
matrix @0 (0)/#¢® is positive definite.

The system

z =F( =z 0,0)

is called degenerate. Suppose this system has a 2n-periodic solution £ == ¢ (). We seek the
2n-periodic solutions z (t, ), ¢ (¢, p) of system (5.6), defined for values of u from some unbounded
set I, C (0, + o) and satisfying as p-—» + oo, p& I, the relations z(t p)— @ @#) =0 (),
g, W=0W"?, ¢t p) = O (™. 1In system (5.6) there may not be equations for x (m = 0).

In this case we examine the system

Il
a;q) =j(tt9yq.) (5-7)

Ao(@) g+
and seek its 2n-periodic solutions g, p), which, as p= =+ oo, pel,, satisfy the conditions
g, =02, ¢, wW=0(q?. When n=1 the existence of such solutions follow from Theorem 1.
System (5.7) can be analyzed in the same was as system {5.6) (in the latter we must omit all
sections referring to the vector x) and, therefore, we will not do so here.

6. To construct the periodic solutions of system (5.6) we transform it as follows. We
make the change of variables z = ¢ (f)+ § and we multiply the second equation on the left by
A¢t(g). In the resulting equations we pick out in explicit form certain terms linear in g,
¢ and ¢. As a result we have

§.=A(’)E+F1 (t7 Ev q, q-) (6.1)
¢+ WA =B@OE+C@O G+t E g ¢)+ phy (g

Here

A(t)=£ﬁ%ﬂ'_@_, B ()= 43 (0) af(t.v(zt),O. 0) _
- 9, , 0, -
C(t)=Aol(0) f(t. g) 0, 0) , A=Aol(0)%

HWFy @ Bqli=Ollgl + 11 g+ 1HEI®), A (@1l = O (i gIP)
Hh84.9) =/ (¢0,0,0l=0xgll+IgIP+]EIR

where |i.| is the Euclidean noxm, are valid as f, ¢, ¢ = 0. Since the matrices 4, (0) and &I
(0)/0¢* are symmetric and positive definite, the quadratic forms corresponding tc them can be
simultaneously reduced to canonical form. More precisely, a non-singular matrix S exists

such that

and the relations

ST40(0) S = E,, sfi';‘iq,‘-"-)s-_-diag(mezs,., e 0E,) (6.2)

Here E;, is the unit matrix of order k,m;>0( =1,2,...,7), By +ny+ ...+ n = n, l<ao <
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Wy <...< @ . Having made in (6.1) the change of variable ¢ = §¢’ and returning to the
former notation, we will assume that the matrix A in this system is identical with the right-
hand side of the second formula in (6.2).
The following transformations are usual when investigating differential equations with a
large parameter /1,3/. The substitution
g =12+ p2AIB (t)
reduces system (6.1) to

E=A@)E+F. (8, & 2,2, p) (6.3)
2+ WAz =C ()2 + [, (4 & 2,2, p) + pPhe (8§, 2, )

HF (8 8z, 2, Wil =0zl + 121+ HEIF + w2 ED
M bz w—feewl=0 (Il + 121+ 1§+ LLEEL)
M (6, Wl =0(1), [k (t, & 2z Wl =0 zIF + p*HEIR

as &, 2,2, p 1> 0. Here and below, for an arbitrary functiong (¢, &, ..., ..., p) we use the
notation & (t,u) = g (¢£,0,0,0, n). As a result of this substitution the term B (f) £ vanishes from
the second equation of the system being investigated.

The next transformation serves to simplify the term C (f) z. Instead of z we introduce
the new variable

where we have

u=12z+ p2D ()7 (6.4)

where D (t) is a 2n-periodic matrix. An explicit form for D (¢) is indicated below. Different-
iating relation (6.4) twice with respect to t relative to system (6.3), we obtain

W = —DAz + [E, + p2 (D' + DOz + D (hy + %) (6.5)
u'=—plAz +(C - DAY+ £ (5 & 3 7 p) + otk (6.6)
The same bounds as for the function f, in (6.3) hold for the function f,/ in (6.6) as
& 2z 2, gl 0. Having solved relations (6.4), (6.5) for z and 2z with due regard to the
equality h, (¢, &, 2, p) =k, (2) + O (u™?), we find
z=u—~pu2D{u +DlAu —h W} + O ("
C=u' 4+ D [Au — hy (W)] + O (p7®)
Substituting the resultant expressions into (6.6) and the first equation of (6.3), we
arrive at the system
E.=A(t)§+ps(tt Ev u1 u.v P') (6.7)
u” 4 urAu =C (O u' + fy (8, B ou, u, ) + uthy (8, Eou, 0, p

Here

C' &) =C (&) + AD (t) — D (hA (6.8)
The estimates

| Folt, & u, u', p) — F (¢, pll =0 @lull +0ull +NEIF+ plEN)
uua+u;“r+uau= + !I?.Ili:ﬂu'u)

Whs (8, 8wy’ m) — Rt (o) | = O(Ful? +
WFL(, wil =0 @, At wii=0®m?

hold for the functions F; and hy as &, u, u’, p' > 0. The estimates for f; are obtained from
those for f, by making the change z—u, 2 —u’.

We will represent the matrices C, £’ and D in block form, where the partitioning into
blocks is the same as in the second formula of (6.2). Let C =(Cp) xmty €' = (CstV} ke, D =
(D), k=1, where Cp, Cy’ and Dy, are matrices of size n; X ny. Then relation (6.8) can be
written as

Cit =Cp+(0f — o) Dy G, k=1,...,7)
We define the matrix D (t) as follows. We set Dy = (@ — @;")7'Cy;, for jsk and Dy =0,
In this case D (¢ + 2rn) =D (¢)) and
¢’ = diag (C1y, . . ., Cyy)
The last transformation that has to be made is to replace the 2m-periodic matrix (' (2)
in (6.7) by a constant matrix. Consider the matrix initial-value problems
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.1 :
Xj=—7C;;)X;, X;0)=E,; (j=1,...,7)

According to Floquet's theorem the solutions of these problems can be written in the form

X;()=0;@)exp(Hyt), Hy=—5 LuX;@n)
d)}(t+2ﬂ.) =¢’j(t) O =1, . ..,T‘)

If X;(2n) does not have negative eigenvalues, then the matrix H; can be chosen to be real.
Otherwise, this, in general, cannot be done. We can always choose a real matrix Hy = (4n)7' Ln
X; (4m), but then the matrix @y () = X; (1) exp (—Hy1) satisfies the relation @ (t+ 2n)= @; () U;,
where U; = X; (2n) exp (—2nH/), Up = E,. The use of such @ (1) in the tranformations that follow,
somewhat complicates the investigation of the 2m-periodic solutions of system (5.6). As a
result we have to solve either a periodic boundary-value problem in the interval 0 t < 4n
(because @/ (t+ 4m) = @; (t) such an approach is simpler, but it can lead to a certain constriction
on the set /, mentioned in Section 5) or a boundary-value problem in the interval 0« :<2n,
but not periodic, and with boundary conditions containing matrices U; Below, for brevity
we examine the case when real LnX;(2n) (j= 1,...,1r) exist. This occurs if, for example, system
(5.6) is derived from Egs. (5.1) in which the generalized forces (5.2) are potential forces.

As a matter of fact, without loss of generality we will assume that in (5.6) the matrices

A, (0) and 61 (0)/8¢* are identical with the right hand sides of formulas (6.2). Then in the case
of potential forces (5.2) we must have c()=—CT(t) in (6.1). Hence X;' 2m = X;1(2n) (i=1,.... 1),
i.e., the matrices X;(2n) are orthogonal, and detX;(2n) =1. The eigenvalues of matrices X;(2n)
are located on the unit circle and have prime elementary divisors. The multiplicity of the
eigenvalue -1 (if it exists) is even. 1In such a situation the matrices Ln X;(2n) can always be
chosen real, If the forces (5.2) are potential and r=nr in (6.2), then C' ()=0. In this case

Hy=0,@t)=1(G=1,....,7.
We set
® (t) = diag (P, (0), . . ., ©, (1)), H = dieg (H,, ..., H,)
The change of variable u = @ (t) y converts (6.7) into the system
E' =4 (t) E + FI (ta §v Y, y.v P’) (6.9)

y ' —2Hy + (WA +HYy=f @t £ v, ¥, B Fuh @t oy ¥, W

As E, ¥, ¥, p' = 0 estimates hold for the functioms F,, f; and@ k,, analogous to the estimates
of the functions F,, f; and hgas §, u, ', p'— 0. On the strength of these estimates positive
numbers 6, K and'p, exist such that for all ¢ u, E,n(meE R™), v, ¥, u, & satisfying the
inequalities 0t 2n, p>>p, and max (| LI, Nl Byl Wyl Bul, Te' ) <6 we have

| Fo @ W< KEpe, 110G WIS ENRS @ )<< Kp® {6.10)
WF @ &y, s W —Fo(t, m, u, v, Pl K (@ + a;, + Poy)
Hf @ &y v w)— At m u w, Wil < Koy + B (2 + ay)]
“hl(t’gvyvy‘vp)"_hl(tv nu, u',p,)“<‘ . .
@ ==, o =Hy—ul, a=|y —ul

B=itEl+Hnll+llyll +0aell +0y 0 +lufl + u?

Having verified the transformations made above, we can convince ourselves that the independent
variable t occurs 2m-periodically in system (6.9). The problem, posed in Section 5, of
seeking 2n-periodic solutions of system (5.6) is equivalent to the problem of seeking 2n-
periodic solutions E (¢, n), ¥y (¢, p) of system (6.9), defined for values of p from some unbounded
set I, C (0, + oo)and satisfying as p— + o0 p e, the relations E(t, p)=0(@M), y(t, p) =
0 (P«-z), y (@, Pl) =0 (‘H~I)~

Before we formulate the theorem for such solutions to exist we will introduce some

definitions. Let P be a kth-order square matrix with eigenvalues 4,,..., A,. We introduce
the function

k
Ak, P,p) ==|det [shnt (P + ipE,)] | = {H [sh? (x Re ;) + sin®x (4 -+ Im A,-)]}"‘

J=1

For an arbitrary &> 0 we consider the set

T ={p:p>0, Ay, Hj, pe)>e (G=1,...,7)
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Each function A (n;, H; ne,)is periodic in u. Therefore, a number e,>0 exists such that
for 0 < e < gyeither [ (e) = [0, + oo0) or

1) =0 [ac @ Be(@], 0o ) <Pu(e) ane) <o (e) <.
=1
0 < i< Tim[By () — oy (8)] <l <+ o0

and the numbers [/, and [, can be chosen to be independent of &. The first or the second of
thege possibilities is realized depending on whether all or not all eigenvalues of the
matrices H;(j =1,...,7) have non-zero real parts.
Theorem 2. Assume that the system

F=40E {(6.11)
does not have non-zero Z2n-periodic solutions. Then for any e & (0, ¢,) positive numbers (,, C,,
C, and M exist such that for p > M, p & I(e), system (6.9) has a unique 2n-periodic solution
B (2 1), ¥y (8, 1) satisfying the inequalities

Bt i< uy,(t,mu<—ﬁ‘7

\u/c << 2R
"y‘ \"'P)ﬂ\T 0<<ig2n)

7 In this section we derive certain relations which will be useful in proving Theorem
=

o
.

us congider the linear inhcomogenecus syﬂo-nm

=A@+ FQ@ (7.1)

JRRPR
y the
S

..... R D _mcand - g 4 4
where F \¥} 1S &It —peridalc function, \.Ux.x.ubwuu.&ug to the first equation in {6.9)

s a ¥ ).
hypothesis of Theorem 2 (the absence of non-trivial 2n-periodic solutions in (6.11) thi
system has the unique 2n-periodic solution

2

Et)={ Got, ) P(r)dr (7.2)

0
Here G, (t,T) is Green's function for the periodic boundary-value problem & (Q) =E (2n) for
(7.1).

The norm of the vector function f(f) continuous in the interval [0, 2x] is the number
vif)=maxllf (Dl for 0t 2n The egtimate

[ A [ Rdeid Vg ¢ Sy v SiaT SSLLSLE
v () < Nov (F) (7.3)

where N, is some positive number, holds for the norm of solution (7.2).
Let us now consider the linear equation

~—2Hy + WA+ HYy =f(t) (7.4

where f(t) is a 2n-periodic function, corresponding to the second equation in system (6.9).
1f A(ny Hy po) >0 (f=1,...,r), then this equation has the unique 2a~periodic solution

AL ommde d e s o aman -

% 2n
yo={ et vi@dr=An) 0 + (& .07 @) de (7.5)

6(t,7) = — - [(A1 — M) sh A ] exp [Ar (¢ —t = )]+ idem (1 +» 2)
@ (¢, ¥) = — ~5-[(Ar— A9) Aysh A exp [As (f— T = 1)] + idem (4 > 2)
Ay g=H+ipQ, Q =disg (o Ep, - . -, 0Ep)

Here G(t, ) is Green's function of the boundary-value problem y (0) =y (2r), y (0) = y* (2x) for
(7.4); in the expressions for G (, T) and G’ (¢, 7), idem (1 « 2) denotes the summands obtained from
the summands explicitly written out by the substitution A; «» Ay the upper signs in these
expressions are taken when ¢t and the lower when ¢><. To derive formulas (7.5) we
should notice that the matrices H, Q, A; and A, commute with each other and the general
solution of Eq.(7.4) with f{f) =0 has the form y == exp (Asl)a, + exp (Agf) @y , where ay, @y
are arbitrary constant vectors.

The derivative of solution (7.5) can be found from the formula

2% 2%
yo=\ 2L rma={eenrmd

The number

I iy
1P =( D lonl)
3y kemi
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is called the norm of an arbitrary matrix P == (ij);'. r=1 - Using this concept, we obtain the

estimates
V<KV vEI< K () (7.6)
VIS EN)+H KN, v < Ky ()

for the norms of scolution (7.5) and of its derivative. Here the coefficients K, K, and K,
equal the maximum values, multiplied by 2r, of the functions |G (¢t T), || 8G (¢, t)/8t])] and
1& (¢, %)}l on the set {t, t:¢t v10,2n], t 57}, Ky =[] A/ 2Ag7 ||, Let us estimate these coef-
ficients. Since H and Q are block diagonal matrices, the matrix G (¢, ) too is block diagonal
with blocks of the same sizes and has the form

G (t, 1) = diag (G, (¢, T), . . ., G, (£, 1))
where G;(f, ©) is specified by the second formula in (7.5) with Ay, = H; &+ ipo; B, G=1,..
., r). It can be proved that
d(n; Hj)

2nmax | G; (¢, 1) | << N o A (v B, po)) '

t,t<[0, 2n)

Here d(k, P) is some positive scalar function of the kth-order square matrix P. Since

r
leeor=231667p

for pel(), pn>0, we have

’

1 =
K12<Wzdiv d; =0’ (n;, H ;)

=1

Analogously, for w7l (e), p>0, we can establish the estimates

1O 1O - < .
SEL IR K< Y GIAE, < Wi
=1

j=1 =1

where P; = pH; + iw;E,,. Since the matrix H; is xeal, || P4l = o,tn; 4+ p2|| H,|*. Expanding
the matrix P;! in series in powers of pu!, we can prove that| P 1| < (Vny + 1)/e; for u >
2|-Hy |l ;. From the estimates indicated it follows that positive numbers N and p, exist
such that when p2> s p &1 (g), the inequalities K, {Np?, K, N, K, Mp?, K, Np? are
satisfied. From this and (7.6) we obtain the estimates
YHKSNWEH vEIS NV (7.7
VKNPV VN vE) S Npv () (7.8)

for the norms of solution (7.5) and of its derivative. Below, unless otherwise stated, it is
assumed that pe& 1 (e) and p > u, > max (1, py).

8. The search for 2n-periodic solutions of system (6.9) reduces to solving the periodic
boundary-value problem for this system in the interval [0, 2n], which in turn is equivalent
to the system of intergral equations

3 @ = S Go @7 F, ("- §(‘E), U1 (T)v Y2 (‘t), P) dv=L, (Ef ¥, ys) (8.1)
N

;)= ;O EEL 11 () v (D) +

B (7, 50 (T), ye(t), p)ldr= L;‘ (T )]
=12 g )= - G (1), g:@, 7)) =0aG (¢, v)lot

Here y, =y, y; =y . System (8.1) is solved by the method of successive approximations. 1In

the interval 0 < ¢ < 2n we construct sequences of functions (& (t)}kme: {¥5™ (£)}vae (f = 1, 2),
having set

O () =0, y@@)=0 (8.2)
B = Lo B0, pf®, ), "V =L; 60, 4P, 1)
G§=12kk=012,...)
Let us prove that for fairly large p these sequences converge to the solution of system
(8.1).

First we will prove that positive numbers C,, C;, Cy and p, (bs > P1) exist such that the
inegualities
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vEM LT L, v W) < Cip? < H (8.3)
V) SO (k=0,1,..))

hold for w» py . The proof of this assertion is analogous to that of inequalities
(4.3) and is carried out using the estimates (7.7), (7.8) and estimates (6.10) in the case
when 1 =0, u =u" =0. We introduce the notation

ap=v@E —E®1), b=y —p), = — )
On the strength of inequalities (6.10), (7.7) and (8.3), when p > 3 we have

+
ak+l<"(‘2‘"+ bk+’ck)l bra << —:'(‘:“""'Ti""‘*‘ bk) (8.4)
ck+1<u(a":c"+bk) k=12, ...)
% = KU1 +2(Co + Cx + C)] max (N, 2N)

Consider the number sequence pp = Gyu~* + b +cpt (¢ =1,2,...). As a consequence of
(8.4), prua < mp~fp, (k =1,2,...). We set M = max (p,, 36x%). Then when p> M the estimate
e S Pu/2 k=1, 2,...)is valid. Using this estimate it can be proved that the sequences {§®
()} emar (B ()} G = 1, 2) converge uniformly in the interval [0, 2n] to certain continuous
functions E* (), y,* (1) . The relations

0 =8 Q@n) y*0) =y @n) (=1,2)
vEN S Con v M) < G v (1) < Cop?

hold. Passing to the limit in (8.2) as &k — oo, we find that &*(f), ;* (!) and y,* (f) is the
solution of system (8.1). The function §* (!) is continuously differentiable, the function

#* () is twice ¢ontinuously differentiable, and dy* (t)/dt = y,* (f). Exactly as in the proof
of Theorem 1 we can establish that the solution found is unique. Having continued the functions
E*, * 2nt -periodically along the whole real axis, we obtain the desired periodic solution
of system (6.9).

The author thanks V. A. Sarychev for useful discussions.
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THE HAMILTON-JACOBI EQUATION IN DOMAINS
OF POSSIBLE MOTIONS WITH A BOUNDARY *

R.M. BULATOVICH

The problem of the existence of soclutions of the truncated Hamilton-Jacobi
equation in the whole domain of possible motions with a boundary is
investigated. Constraints on the topology of the domains of possible
motions, in which the Hamilton-Jacobi equation is solvable in the large,
are pointed out. In particular, the boundary cannot be connected.

The existence of solutions in the whole domain of possible motions is
obstructed by focal points at which infinitely close trajectories leaving
the boundary intersect. A connection between the complete integral of

the Hamilton-Jacobi equation and the particular solutions in the neigh-
bourhood of the boundary is indicated.
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